PD-sets for binary RM-codes and the codes related to the Klein quadric and to the Schubert variety of PG(5,2)  by Kroll, Hans-Joachim & Vincenti, Rita
Discrete Mathematics 308 (2008) 408–414
www.elsevier.com/locate/disc
PD-sets for binary RM-codes and the codes related to the Klein
quadric and to the Schubert variety of PG(5, 2)
Hans-Joachim Krolla, Rita Vincentib
aZentrum Mathematik, TUM, 80290 München, Germany
bDipartimento di Matematica e Informatica, Università degli Studi di Perugia, Via Vanvitelli 1, 06123 Perugia, Italy
Received 30 November 2004; received in revised form 21 February 2006; accepted 27 November 2006
Available online 2 June 2007
Abstract
We ﬁnd PD-sets for some binary Grassmann codes, that is, for the projective Reed–Muller codes R¯(1, 4) and R¯(1, 5) and for the
codes related to the Klein quadric KQ of PG(5, 2) and to the Schubert subvariety of KQ.
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1. Introduction
The permutation decoding technique is a technique developed in 1964 by MacWilliams, which uses a subset (a
so-called PD-set) of the automorphism group of the code to assist in decoding a received vector. Results were added
by M.E. Mitchell and L.D. Rudolph (1964), D.M. Gordon (1982), J.D. Key (2000–2004) and other authors (see [7–9]).
Codes arising from varieties are of particular interest. As shown in [10], if X is a variety having an automorphism
group A, then A induces a linear automorphism group of the related code C. This motivated an extension of the notion
of a PD-set of a code to that of a t-PD-set of any permutation group (cf. [10]). In the same paper we found PD-sets for
codes related to some classical varieties (cf. [10, Propositions 11–13, 17, 19]).
In this paper, we focus our attention on codes related to some Grassmannians. We present PD-sets for the binary
projective ﬁrst-order Reed–Muller codes R¯(1, 4) and R¯(1, 5) (see Proposition 7) and for the codes related to the Klein
quadric KQ of PG(5, 2) and to the Schubert subvariety of KQ (see Proposition 8). We found such PD-sets by looking
for suitable sets of simplexes of the projective spaces of the Grassmannians. The proofs that these sets determine indeed
PD-sets was done by a MAGMA programme basically written by Massimo Giulietti whom we warmly thank.
2. Preliminaries
For the convenience of the reader and in order to establish our notations we recall some basic deﬁnitions and
properties.
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Let q be a prime power and let F =GF(q) be the Galois ﬁeld of order q. Denote PG(k−1, q) the projective geometry
over the vector space Fk and let H be the set of all hyperplanes of PG(k − 1, q). A subset I = {e1, . . . , ek} of k points
of PG(k − 1, q) is called a simplex if I is not contained in any hyperplane.
A subsetP of n points of PG(k − 1, q) is called an [n, k]-projective system ifP is not contained in any hyperplane.
To any subset v(P) of n vectors of Fk representing the points of P is associated a linear [n, k]-code C(v(P)), that
is, a linear k-dimensional subspace of Fn (cf. [13,10]). Any two subsets v1(P) and v2(P) representing P give rise
to equivalent codes C(v1(P)), C(v2(P)). The code C(v(P)) is called [n, k]-code related to P if v(P ) is a system of
vectors representing P.
The minimum distance of C(v(P)) is
d = n − max{|P ∩ H | | H ∈ H}
(cf. [14]).
If the minimum distance is d then t(d − 1)/2 errors can be corrected.
The automorphism group Aut(P) of P is the group of all collineations of PG(k − 1, q) ﬁxing the set P.
Let I ⊂ P, t ∈ N,  ⊂ Aut(P). Then  is called a t-PD-set with respect to I if for any subset B ⊂ P with |B| = t
there exists an automorphism  ∈  such that (B) ∩ I = ∅.
Let C(v(P)) be an [n, k]-code related to the projective system P.
Denote Aut(C(v(P))) the group of the automorphisms of C(v(P)), and denote MAut(C(v(P))) the subgroup of
the monomial automorphisms of C(v(P)) (cf. [7, p. 1352]).
There is an injective map  : Aut(P) → MAut(C(v(P))) (cf. [10]).
A PD-set for a linear t-error-correcting code C is a subset S ⊂ Aut(C) which moves the nonzero entries of every
possible error vector of weight t or less out of the information positions (cf. [7, p. 1413]).
LetP={p1, . . . , pn} be an [n, k]-projective system, I ⊂ P a simplex, letC(v(P)) be an associated t-error-correcting
code and  ⊂ Aut(P) a t-PD-set with respect to I. Then {i | pi ∈ I } is a set of information positions and () is a
PD-set of the code C(v(P)) (cf. [10, p. 92])
Therefore, instead of looking for PD-sets for a code C(v(P)) related to a projective system P we will look for
t-PD-sets for P with respect to a simplex I.
The permutation decoding algorithm using a PD-set is more efﬁcient the smaller the size of the PD-set. A lower
bound on this size was given by Gordon [3] in 1982.
Theorem 1 (Gordon [3], cf. Huffman [7]). Let S be a PD-set for a t-error-correcting [n, k]-code with redundancy
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−1. The Grassmann mappingG associates to anyX ∈ PG(l)(m, q) a pointG(X) of PG(N, q). Then
Gl,m := G(PG(l)(m, q)) is an algebraic variety called a Grassmannian of the l-dimensional subspaces of PG(m, q)
(cf. [5, p. 107]).







m+1 − 1)(qm − 1) . . . (qm−l+1 − 1)
(ql+1 − 1)(ql − 1) . . . (q − 1) =: n.
.
A linear code C(v(Gl,m)) related to Gl,m, called Grassmannian code, is an [n,N + 1]-code with minimum distance
d = q(m−l)(l+1) (see [12, p. 147, 14, p. 1579]).
The Grassmannian G0,m is the projective space PG(m, q). In this case, the Grassmannian code coincides with the
extended ﬁrst-order Reed–Muller code, RM-code, for short (cf. [14, p. 1579]); we call it projective Reed–Muller code
R¯m+1 = R¯(1,m + 1) of ﬁrst order. Note that in the literature there are non-equivalent deﬁnitions of a Reed–Muller
code (see for example [11]).
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The Grassmannian G1,3 of the lines of PG(3, q) is the hyperbolic quadric KQ of PG(5, q), called the Klein quadric.
It has index 2 and it is covered by two systems of planes; for further details see [1,4–6]. A linear code related to
KQ is an [n, k]-code where n = (q2 + 1)(q2 + q + 1), k = 6 and minimum distance d = q4 (see [12, p. 147, 14,
p. 1579]).
A Schubert varietySKQ of PG(5, q) is a section of KQ by a tangent hyperplane T. ThusSKQ is a cone of 2(q + 1)
planes with vertex v ∈ KQ and it consists of n = q3 + 2q2 + q + 1 points. It corresponds via the Grassmann mapping
G to a special linear complex of lines of PG(3, q), that is, a set comprising all lines meeting a ﬁxed line. It is unique
up to projectivities (cf. [1,4,6]). Let H be a hyperplane of T. Then
|SKQ ∩ H | =
{
(q + 1)2 for v /∈H,
2q2 + q + 1 for v ∈ H.
Therefore linear codes related toSKQ andV=SKQ\{v} (both of dimension k = 5) have the same minimum distance
d = q3. Since the automorphism group Aut(SKQ) ﬁxes the vertex v ofSKQ a code related toV has better parameters
than a code related toSKQ.
Lemma 2. Let {e1, e2, e3, e4} be a simplex of PG(3, q) and denote L1 = e1, e2, L2 = e1, e3, L3 = e1, e4, L4 = e2, e3,
L5 = e2, e4, L6 = e3, e4 the lines joining the points of the simplex. Then I = {G(Li) | i = 1, . . . , 6} is a simplex of
PG(5, q).
The proof follows from properties of the Grassmann mapping G : PG(1)(3, q) → PG(5, q) (cf. [4, p. 29, l. 8,9]).
Every collineation  of PG(3, q) induces a collineation ¯ := GG−1 of PG(5, q) ﬁxing the Klein quadric KQ (cf.
[5, Lemma 24.2.15]).
Henceforth we will only consider the case q = 2. In this case, for every point p of the projective space PG(k − 1, 2)
there is exactly one vector p 	= 0 representing p. Therefore we can identify the points of PG(k − 1, 2) with the nonzero
vectors of Fk and a basis of Fk with the associated simplex of points of PG(k − 1, 2). A subset {p1, p2, p3} of three
points is a line if and only if p1 + p2 + p3 = 0.
Let (e1, . . . , ek) be a ﬁxed ordered basis of Fk . For an ordered basis (b1, . . . , bk) of Fk let (b1, . . . , bk) denote the
collineation of PG(k − 1, 2) mapping bi to ei for i = 1, . . . , k.
3. PD-sets for projective spaces PG(m, 2), m= 3, 4
In this section, we consider the point setP of the projective space PG(m, 2) as a projective system which induces a
projective ﬁrst-order Reed–Muller code.
Set ﬁrst m = 3. Then |P| = 15.
Let E = (e1, e2, e3, e4) be a ﬁxed basis of F 4. Put 1 = id,
2 = (e1 + e2, e1 + e3, e2 + e4, e1 + e2 + e3),
3 = (e1 + e4, e2 + e3, e3 + e4, e1 + e3 + e4),
4 = (e2, e1 + e2 + e4, e2 + e3 + e4, e1 + e2 + e3 + e4),
5 = (e1, e4, e1 + e2 + e4, e2 + e3 + e4).
Proposition 3. 4 = {1, 2, 3, 4, 5} is a 3-PD-set for PG(3, 2) with respect to I = {e1, e2, e3, e4}.
Proof. Let Ai = −1i (I ). By deﬁnition of the i’s we have
A1 = {e1, e2, e3, e4},
A2 = {e1 + e2, e1 + e3, e2 + e4, e1 + e2 + e3},
A3 = {e1 + e4, e2 + e3, e3 + e4, e1 + e3 + e4},
A4 = {e2, e1 + e2 + e4, e2 + e3 + e4, e1 + e2 + e3 + e4},
A5 = {e1, e4, e1 + e2 + e4, e2 + e3 + e4}.
Then Ai ∩ Aj = ∅ for i, j ∈ {1, 2, 3, 4, 5}, i 	= j and {i, j} 	= {1, 4}, {1, 5}, {4, 5}.
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Let B = {b1, b2, b3} be a subset of three points such that B ∩ Ai 	= ∅ for i = 1, 2, 3. Without loss of generality we
may assume bi ∈ Ai for i = 1, 2, 3. Then b2, b3 /∈A4, A5 since A2 ∩ A4 = A2 ∩ A5 = ∅ = A3 ∩ A4 = A3 ∩ A5.
Case 1: b1 ∈ A4. Then b1 = e2, hence b1 /∈A5 and therefore B ∩ A5 = ∅.
Case 2: b1 ∈ A5. Then b1 ∈ {e1, e4}, hence b1 /∈A4 and therefore B ∩ A4 = ∅. 
Set m = 4. Then |P| = 31. Let A0 = {e1, e2, e3, e4, e5} be a ﬁxed simplex of PG(4, 2). We consider the following
simplexes of PG(4, 2):
A1 = {e1 + e2, e1 + e3, e1 + e4, e1 + e5, e1 + e2 + e3},
A2 = {e2 + e3, e2 + e4, e2 + e5, e1 + e2 + e4, e2 + e3 + e4},
A3 = {e3 + e4, e3 + e5, e1 + e2 + e5, e1 + e3 + e4, e1 + e3 + e5},
A4 = {e4 + e5, e1 + e4 + e5, e2 + e3 + e5, e3 + e4 + e5, e1 + e2 + e3 + e5},
A5 = {e2 + e4 + e5, e1 + e2 + e3 + e4, e1 + e2 + e4 + e5, e1 + e3 + e4 + e5, e2 + e3 + e4 + e5},
A6 = {e1, e2, e3, e4, e1 + e5},
A7 = {e5, e1 + e2, e1 + e3, e1 + e4, e2 + e5},
A8 = {e2 + e3, e2 + e4, e3 + e5, e4 + e5, e1 + e2 + e4 + e5},
A9 = {e3 + e4, e1 + e2 + e3, e1 + e2 + e5, e1 + e3 + e4, e1 + e3 + e5},
A10 = {e1 + e2 + e4, e1 + e4 + e5, e2 + e3 + e4, e2 + e3 + e5, e2 + e4 + e5},
A11 = {e3 + e4 + e5, e1 + e2 + e3 + e4, e1 + e2 + e3 + e5, e1 + e3 + e4 + e5, e2 + e3 + e4 + e5},
A12 = {e1, e1 + e2, e3 + e4, e1 + e2 + e3, e2 + e3 + e5},
A13 = {e2, e1 + e5, e2 + e3, e1 + e3 + e5, e2 + e4 + e5},
A14 = {e3, e1 + e3, e3 + e5, e1 + e2 + e5, e1 + e2 + e3 + e4 + e5},
A15 = {e4, e2 + e5, e1 + e2 + e4, e1 + e2 + e3 + e4, e1 + e2 + e4 + e5},
A16 = {e5, e1 + e4, e2 + e3 + e4, e1 + e3 + e4 + e5, e3 + e4 + e5},
A17 = {e2 + e4, e4 + e5, e1 + e4 + e5, e1 + e3 + e4, e2 + e3 + e4 + e5},
A18 = {e1, e1 + e3, e1 + e2 + e4, e1 + e2 + e3 + e4, e1 + e2 + e3 + e4 + e5},
A19 = {e2, e1 + e2, e2 + e4, e2 + e3 + e4, e2 + e3 + e5},
A20 = {e3, e1 + e4, e3 + e5, e1 + e4 + e5, e2 + e3 + e4 + e5},
A21 = {e4, e3 + e4, e4 + e5, e1 + e3 + e4, e1 + e2 + e3 + e5},
A22 = {e5, e1 + e5, e1 + e2 + e3, e1 + e2 + e5, e1 + e3 + e4 + e5},
A23 = {e2 + e3, e2 + e5, e1 + e3 + e5, e3 + e4 + e5, e1 + e2 + e4 + e5},
A24 = {e1, e1 + e4, e1 + e2 + e5, e1 + e2 + e3 + e5, e1 + e3 + e4 + e5},
A25 = {e2, e1 + e2, e2 + e5, e2 + e3 + e5, e2 + e4 + e5},
A26 = {e3, e3 + e5, e2 + e3 + e4, e3 + e4 + e5, e2 + e3 + e4 + e5},
A27 = {e4, e2 + e3, e4 + e5, e1 + e3 + e5, e1 + e4 + e5},
A28 = {e5, e1 + e5, e2 + e4, e3 + e4, e1 + e2 + e3 + e4 + e5},
A29 = {e1 + e3, e1 + e2 + e3, e1 + e2 + e4, e1 + e3 + e4, e1 + e2 + e3 + e4},
A30 = {e1, e1 + e2 + e3, e1 + e2 + e5, e2 + e4 + e5, e1 + e2 + e3 + e4},
A31 = {e1, e1 + e4, e1 + e5, e1 + e3 + e4, e1 + e2 + e3 + e4 + e5}.
For every simplex A there are 5! collineations mapping A to A0. Choose for i ∈ {1, . . . , 31} one collineation i such
that i (Ai) = A0. Denote 0 := id.
Proposition 4. 5 := {i | i = 0, . . . , 31} is a 7-PD-set for PG(4, 2) with respect to I = {e1, e2, e3, e4, e5}.
Proof. By deﬁnition −1i (I ) = Ai . By a computer programme we checked that for every 7-set B ⊂ P there exists an
i ∈ {0, . . . , 31} such that B ∩ Ai = ∅. 
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4. PD-sets for the Klein quadric KQ and the Schubert variety SKQ in PG(5, 2)
We consider ﬁrst the Klein quadric KQ in PG(5, 2) representing the lines of PG(3, 2).
Let {e1, e2, e3, e4} be a simplex of PG(3, 2).
The 35 lines of PG(3, 2) are:
L1 = {e1, e2, e1 + e2}, L19 = {e1 + e2, e1 + e3, e2 + e3},
L2 = {e1, e3, e1 + e3}, L20 = {e1 + e2, e1 + e4, e2 + e4},
L3 = {e1, e4, e1 + e4}, L21 = {e2 + e3, e2 + e4, e3 + e4},
L4 = {e2, e3, e2 + e3}, L22 = {e1 + e3, e1 + e4, e3 + e4},
L5 = {e2, e4, e2 + e4}, L23 = {e1, e2 + e3 + e4, e1 + e2 + e3 + e4},
L6 = {e3, e4, e3 + e4}, L24 = {e2, e1 + e3 + e4, e1 + e2 + e3 + e4},
L7 = {e1, e2 + e3, e1 + e2 + e3}, L25 = {e3, e1 + e2 + e4, e1 + e2 + e3 + e4},
L8 = {e1, e2 + e4, e1 + e2 + e4}, L26 = {e4, e1 + e2 + e3, e1 + e2 + e3 + e4},
L9 = {e1, e3 + e4, e1 + e3 + e4}, L27 = {e1 + e2, e3 + e4, e1 + e2 + e3 + e4},
L10 = {e2, e1 + e3, e1 + e2 + e3}, L28 = {e1 + e3, e2 + e4, e1 + e2 + e3 + e4},
L11 = {e2, e1 + e4, e1 + e2 + e4}, L29 = {e1 + e4, e2 + e3, e1 + e2 + e3 + e4},
L12 = {e2, e3 + e4, e2 + e3 + e4}, L30 = {e1 + e2 + e3, e1 + e2 + e4, e3 + e4},
L13 = {e3, e1 + e2, e1 + e2 + e3}, L31 = {e1 + e2 + e3, e2 + e3 + e4, e1 + e4},
L14 = {e3, e1 + e4, e1 + e3 + e4}, L32 = {e1 + e2 + e3, e1 + e3 + e4, e2 + e4},
L15 = {e3, e2 + e4, e2 + e3 + e4}, L33 = {e1 + e2 + e4, e2 + e3 + e4, e1 + e3},
L16 = {e4, e1 + e2, e1 + e2 + e4}, L34 = {e1 + e2 + e4, e1 + e3 + e4, e2 + e3},
L17 = {e4, e1 + e3, e1 + e3 + e4}, L35 = {e1 + e3 + e4, e2 + e3 + e4, e1 + e2}.
L18 = {e4, e2 + e3, e2 + e3 + e4},
Denote byP={1, 2, . . . , 35} the corresponding set of the 35 points of the Klein quadric KQ. From Lemma 2 follows
that I = {1, 2, 3, 4, 5, 6} is a simplex of PG(5, 2).
We deﬁne the following collineations of PG(3, 2):
1 := (e1, e2 + e3, e2 + e4, e2 + e3 + e4),
2 := (e2, e1 + e4, e3 + e4, e1 + e3 + e4),
3 := (e1 + e2, e1 + e3, e1 + e2 + e3, e1 + e2 + e3 + e4),
4 := (e1 + e2 + e3, e1 + e2 + e4, e1 + e3 + e4, e2 + e3 + e4),
0 := (e1 + e2, e1 + e3, e1 + e4, e1 + e2 + e3),
1 := (e1 + e2, e1 + e3, e2 + e4, e1 + e2 + e4),
2 := (e1, e3 + e4, e1 + e2 + e3, e2 + e3 + e4),
3 := (e2, e1 + e3, e1 + e4, e1 + e3 + e4),
4 := (e2 + e3, e2 + e4, e1 + e3 + e4, e2 + e3 + e4),
0 := (e1 + e4, e3 + e4, e1 + e2 + e3, e1 + e2 + e3 + e4),
1 := (e4, e1 + e2, e2 + e3 + e4, e1 + e2 + e3 + e4),
2 := (e2, e3, e1 + e2 + e3, e1 + e2 + e4),
3 := (e1 + e2, e2 + e3, e1 + e2 + e3, e2 + e3 + e4),
4 := (e1, e3, e4, e1 + e2),
	 := (e1 + e2, e1 + e3, e1 + e4, e4),
 := (e1 + e2, e1 + e4, e1 + e2 + e4, e1 + e2 + e3 + e4),

 := (e3, e2 + e3, e2 + e4, e1 + e2 + e3 + e4).
Put 0 = id. For i = 0, 1, 2, 3, 4 put 5+i = i, 10+i = i5, 15+i = i6, 20+i = i	, 25+i = i
, 30+i = i ,
35+i = i .
Proposition 5. = {GiG−1 | i = 0, . . . , 39} is a 7-PD-set for KQ with respect I = {1, 2, 3, 4, 5, 6}.
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Proof. Let ¯i := GiG−1 and Ai := ¯i−1(I ). Then
A0 = {1, 2, 3, 4, 5, 6}, A20 = {3, 16, 17, 19, 20, 22},
A1 = {7, 8, 15, 18, 21, 23}, A21 = {6, 9, 13, 14, 27, 35},
A2 = {9, 11, 12, 14, 22, 24}, A22 = {1, 2, 8, 10, 11, 33},
A3 = {10, 13, 19, 26, 27, 28}, A23 = {7, 21, 26, 28, 29, 32},
A4 = {30, 31, 32, 33, 34, 35}, A24 = {4, 12, 15, 23, 24, 25},
A5 = {11, 16, 20, 25, 27, 29}, A25 = {4, 15, 21, 25, 28, 29},
A6 = {1, 4, 19, 24, 34, 35}, A26 = {6, 13, 14, 20, 22, 27},
A7 = {6, 13, 14, 22, 30, 31}, A27 = {2, 7, 8, 19, 33, 34},
A8 = {3, 5, 8, 15, 18, 23}, A28 = {5, 10, 12, 18, 26, 31},
A9 = {2, 7, 9, 10, 17, 32}, A29 = {1, 3, 9, 16, 17, 35},
A10 = {2, 3, 22, 23, 31, 33}, A30 = {10, 13, 19, 20, 22, 31},
A11 = {8, 11, 14, 15, 20, 25}, A31 = {8, 16, 19, 20, 28, 33},
A12 = {17, 18, 19, 26, 28, 29}, A32 = {7, 9, 12, 23, 30, 31},
A13 = {1, 10, 12, 13, 27, 30}, A33 = {10, 11, 14, 17, 22, 24},
A14 = {4, 5, 21, 24, 32, 34}, A34 = {15, 18, 21, 32, 34, 35},
A15 = {6, 9, 16, 17, 27, 35}, A35 = {22, 26, 27, 29, 30, 31},
A16 = {19, 21, 22, 30, 33, 34}, A36 = {16, 18, 23, 26, 27, 35},
A17 = {5, 12, 18, 23, 24, 26}, A37 = {4, 10, 11, 13, 25, 30},
A18 = {2, 3, 8, 14, 15, 20}, A38 = {7, 13, 18, 19, 31, 35},
A19 = {4, 7, 10, 11, 29, 31}, A39 = {1, 2, 3, 6, 13, 16}.
By means of our computer programme we checked that for every subset B of seven points of KQ there exists an
i ∈ {0, . . . , 39} such that B ∩ Ai = ∅. 
The Schubert variety SKQ of PG(5, 2) has 2(2 + 1)2 + 1 = 19 points. Assume that the vertex of SKQ ⊂ P is
the point v = 1. Then the set of the 18 lines of PG(3, 2) meeting L1 is represented by the following 18-set V =
{2, 3, 4, 5, 7, 8, 9, 10, 11, 12, 13, 16, 19, 20, 23, 24, 27, 35}.
We deﬁne the following collineations of PG(3, 2):
0 := id, 1 := (e2, e1 + e2, e1 + e2 + e4, e1 + e2 + e3), 2 := 21,
3 := (e2, e1, e1 + e2 + e3 + e4, e3), 4 := (e2, e1 + e2, e2 + e3 + e4, e1 + e2 + e3),
5 := (e1 + e2, e1, e2 + e3, e3 + e4), 6 := (e1 + e2, e1, e2 + e4, e2 + e3 + e4),
7 := (e1, e1 + e2, e4, e3), 8 := (e1, e1 + e2, e4, e1 + e2 + e3 + e4).
Proposition 6.  := {GiG−1 | i = 0, . . . , 8} is a 3-PD-set forV with respect to I ′ = {2, 3, 4, 5, 27}.
Proof. Let ¯i := GiG−1 and Ai := ¯i−1(I ′). Then
A0 = {2, 3, 4, 5, 27}, A3 = {2, 4, 16, 23, 24}, A6 = {4, 8, 20, 23, 35},
A1 = {9, 10, 11, 13, 16}, A4 = {3, 10, 12, 13, 35}, A7 = {2, 3, 12, 13, 16},
A2 = {7, 8, 12, 19, 20}, A5 = {5, 7, 9, 19, 27}, A8 = {3, 10, 16, 23, 27}.
By means of our computer programme we checked that for every subset B of three points of V there exists an
i ∈ {0, . . . , 8} such that B ∩ Ai = ∅. 
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5. Application to codes related to the varieties of Sections 3 and 4
The binary projective ﬁrst-order Reed–Muller code R¯4 = C(v(PG(3, 2))) is a [15, 4]-code with minimum distance
d = 8. The binary projective ﬁrst-order Reed–Muller code R¯5 = C(v(PG(4, 2))) is a [31, 5]-code with minimum
distance d = 16.
Proposition 2 of [10], Propositions 3 and 4 yield the following result.
Proposition 7. (1) R¯4 admits a PD-set of size 5.
(2) R¯5 admits a PD-set of size 32.
A binary linear code C(v(KQ)) related to the Klein quadric in PG(5, 2) is a [35, 6]-linear code with minimum
distance d = 24 = 16.
A binary linear code C(v(V)) related to the Schubert variety SKQ\{v} is a [18, 5]-linear code with minimum
distance d = 23 = 8.
Proposition 2 of [10], Lemma 24.2.15 of [5] and Propositions 5 and 6 yield the following result.
Proposition 8. (1) C(v(KQ)) admits a PD-set of size 40.
(2) C(v(V)) admits a PD-set of size 9.
Remark 1. From the sets given in Propositions 3–6 one can compute the PD-sets S for the codes R¯4, R¯5,C(v(KQ))
and C(v(V)).
Remark 2. The lower bounds for a 3-PD-set and a 7-PD-set are, respectively, 5 and 11.
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